Abstract. A UBASIC computer program was developed to implement a method of te Riele for finding amicable pairs of type (2, 2). Hundreds of new pairs were found, including a new largest (2, 2) pair and several "daughter", "granddaughter", and "great granddaughter" pairs.
Introduction
A pair of positive integers (m, n) is called amicable if n is equal to the sum of the proper divisors of m and vice versa. If we let σ(x) denote the sum of all divisors of x, then (m, n) is an amicable pair when σ(m)−m = n and σ(n)−n = m. The smallest pair of amicable numbers (220, 284) was known to the Pythagoreans. The pair (17296, 18416) has often been attributed to Fermat, but it was actually first found in the early 14th century by Ibn al-Banna in Marakesh and also by Kamaladdin Farisi in Bagdad. The pair (9363584, 9437056) has often been attributed to Descartes, but it was actually first discovered by Muhammad Baqir Yazdi in Iran [3] . Euler found 59 more pairs by noticing that each member of a known pair had a common factor and then a product of different primes on the end. Euler came up with several methods for finding new pairs. In fact, the majority of known pairs have a common factor and then additional primes on the end of the two numbers. Special terminology has been developed for pairs of Euler's form. Suppose you have a pair of the form (Ex, Ey) where E, x, and y are all relatively prime and x and y are products of distinct primes. This pair is considered to be of type (i, j) where i is the number of primes in x and j is the number of primes in y. In a previous work by the author, new pairs of type (i, 1) were found [4] . In this article, we report on the discovery of 2235 new pairs of type (2, 2) and 22 pairs of type (3, 2).
The method
In 1984, Herman te Riele [12] published a paper that gave methods for generating new amicable pairs from known amicable pairs. By looking at previously known pairs, te Riele was able to observe that he could construct new amicable pairs of the form (a 1 x, a 2 y), where a 1 and a 2 were factors of a previously known pair. He cleverly named these "daughter" pairs.
In this paper, we concentrate on applying his Method 2. Let σ(n) = σ(n) − n and D = a 1 a 2 − σ(a 1 ) σ(a 2 ) . Method 2. Choose a prime p 2 such that gcd(a 1 , p 2 ) = 1 and Dp 2 − σ(a 2 ) σ(a 1 ) > 0. Find a solution (q 1 , q 2 ) of the bilinear Diophantine equation
for which both q 1 and q 2 are distinct primes and gcd(a 2 , q 1 q 2 ) = 1. For such a solution, compute p 1 from the equation 1 and e 2 were computed in a user-defined subroutine, Sigma, and then multiplied by (lastpr + 1), which is sigma of lastpr. These products are then σ(a 1 ) and σ(a 2 ), respectively. The current version of the program multiplies e 1 and e 2 by the odd integer lastpr, which is relatively prime to e 1 and e 2 , to create the values a 1 and a 2 . The values of sigma of e 1 , e 2 , and lastpr are computed in the subroutine. Then σ(a i ) = σ(e i )σ(lastpr) for each i. The prime p 2 is chosen to start at the smallest prime larger than σ(a 2 ) σ(a 1 )/D. Consecutive values for p 2 can easily be found using the built-in NXTPRM function (which finds the smallest prime greater than the input). The number of p 2 values to try is predetermined by the user at the beginning of the program. As te Riele indicated in his article, we can abbreviate the equation ( * ) in the form
which is equivalent to
The right-hand side of this last equation we denote by the variable C. Divisors of C were used to produce q 1 and q 2 . When q 1 and q 2 were found to be integers and primes, p 1 was computed using equation ( * * ). If p 1 was determined to be a prime integer, the resulting amicable pair was printed.
A few of the specific details of the program will now be mentioned. When you obtain the UBASIC package, it comes with a UBASIC program which is an extremely fast implementation of the Elliptic Curve Method [10] for factoring integers. This program, ECMX, was appended to our main program and slightly modified so that it became a subroutine in our program. The ECMX subroutine was used at several points. It was called by the subroutine Sigma after all small prime divisors were handled by the built-in PRMDIV function (which finds the least prime divisor of the input). Similarly, the subroutine to factor the above-mentioned C value called on ECMX after all the small prime divisors were found by PRMDIV. Once C was factored, backtracking was used to run through each of the divisors of C up to its square root to form the value q 1 . Whenever prime testing was required and could not be handled by the test PRMDIV(N)=N, the subroutine ECMX was called on to determine primality. However, inside ECMX, the first test done on the input is the Adleman, Pomerance, Rumely primality test algorithm [1] . When a determination of primality is all that is required, an exit is made after the Adleman test is completed. This is how the primality of q 1 , q 2 , and p 1 are determined.
Inputs to the program
Most of the time e 1 and e 2 were chosen to be the same value. Consequently, most of the pairs found are of type (2, 2) . Sometimes e 1 contained one more prime than e 2 . In this case, an amicable pair produced is of type (3, 2) . At first, the choices for e 1 and e 2 were often determined by looking at known pairs of other types. As te Riele did in his discovery of "daughter" pairs, either the whole common factor or part of it was chosen for the e 1 2 , or lastpr is a prime in a particular substitution, then that substitution cannot be used. For example, a pair was discovered with e 1 = e 2 = 3 3 * 5 2 * 19 * 31 and lastpr = 547. This pair generated only five additional pairs from the substitutions, because the last substitution above could not be used as it contains 547.
One feature of the design of the program is that it can be run on several machines with different choices for e 1 and e 2 . Running lots of machines in parallel like this did produce lots of new amicable pairs. In order to find previously unknown pairs, the primes p 1 , p 2 , q 1 , and q 2 all need to be large values. This requires then that the σ(e i )/e i values must be fairly close to 2. Hence a separate program to find all possible 5-digit odd values for e where σ(e)/e is between 1.9 and 2.0 was used to obtain the values to use for e 1 = e 2 = e. By running our amicable pair program on several machines in parallel in our computer lab, it was possible to systematically test all 5-digit odd values for e where σ(e)/e is between 1.9 and 2.0. These runs produced many of the odd pairs found. Lists of n-digit odd values for e where σ(e)/e is between 1.9 and 2.0 were also produced. Many of these values were also used as input to the program.
At first, an intensive effort was made to find just odd amicable pairs by inputting only odd values for e 1 = e 2 = e. This was a result of successful work by the author on pairs of type (i, 1) [4] . Recently, an effort was also made to discover even amicable pairs with e 1 = e 2 = 2 k . Lastly, inputs included the common factors of newly discovered pairs. For example, two new pairs were discovered having common factor 2 9 * 1031 using inputs e 1 = e 2 = 2 9 . Using e 1 = e 2 = 2 9 * 1031 as input, the program generated a pair with 48-digit numbers with common factor 2 9 * 1031 * 134923, which is displayed later.
Results
Many previously known pairs of type (2, 2) were produced by the program when small values of e 1 and e 2 were used. For example, one run of the program choosing e 1 = e 2 = 81 produced a set of four pairs that were discovered separately between 1921 and 1982. One pair was discovered by Mason in 1921 [11] . One pair was discovered by Garcia in 1957 [7] . One pair was discovered by Lee in 1969 and published in 1972 [9] . One pair was discovered by Woods in 1982 [14] .
Over 2250 new amicable pairs were discovered with the computer program and more are being discovered weekly. This is currently the largest known odd pair of type (2, 2). While the search for odd amicable pairs was quite successful, the search for even pairs has been even more fruitful. In fact, a slight modification of the basic program to search for pairs with a common factor being a power of 2 found the current largest pair of type (2, 2) which was discovered by letting e 1 = e 2 = 2 140 . It was also the case that while running the program in the search for odd pairs, the program ran long periods of time without giving any possibilities. On the other hand, as soon as the program was run with e 1 = e 2 = 2 k , possibilities usually came quickly and often. In some cases, pairs were found that contained the same common factor as some known pairs. It appears that some previous searches were restricted to the case where a p 2 value caused c 1 to be 1. For example, the following pairs were found by te Riele in 1982 [13] To find the last pair requires that the number of p 2 values tried be greater than 12365. For much of the time in our computer runs, the number of p 2 values to try was limited to 10000 or less. Once a pair was found and believed to be new, it was sent to Jan Munch Pedersen for verification that it was indeed new. He is maintaining the list of all discovered amicable pairs at the web site:
http://www.vejlehs.dk/staff/jmp/aliquot/knwnap.htm Pairs of just type (2, 2), including ones found by our program, can be found at http://www.vejlehs.dk/staff/jmp/aliquot/apreg22.txt
With an exhaustive search using many different e 1 and e 2 values, the program has found 2235 pairs of type (2, 2), 22 pairs of type (3, 2) , and 3 pairs which are called exotic pairs because the powers on the common primes in e 1 and e 2 are not the same (e 1 contains 3
3 and e 2 contains 3 2 in the exotic pairs that were discovered).
Daughters, granddaughters, and great granddaughters
If we restrict "daughter" pairs to be of the same type as the "mother" pair and the "daughter" pairs must contain at least one more prime divisor in the common factor, we have some interesting genealogy.
Suppose we start with the following pair discovered by Lee in 1966 [8] 
Future work
As machines get faster, some of the most productive choices of e 1 and e 2 should probably be retested with more than just the 2500 values we used for lastpr. In many cases, the program was stopped before it could run through all 2500 lastpr values in order to allow the machine to work on another set of choices for e 1 and e 2 . To allow the lastpr value to go through a much larger range of integers simply requires increasing the limit of a counter. The program allows an input of where to start lastpr values and prints out the ones tried, so that further runs can pick up where previous runs left off. In addition, those same productive choices of e 1 and e 2 should be run with a larger number of p 2 values. This too can be handled by simply increasing the limit of a counter.
As you can see by the discussion, the genealogical chains cause the pairs to get fairly large fairly quickly. Maybe a "great-great granddaughter" of the Euler pair can be found in the near future.
